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Abstract. It is shown that for N = 2 supersymmetry a hidden symmetry arises from the 
hybrid structure of a quartic algebra. The implications for invariant Lagrangians and multiplets 
are explored. 



1. Introduction 

The consideration of quadratic algebras — Lie (super-)algebras — largely dominates the algebraic 
formalism underlying theoretical physics, although non-quadratic structures emerge, in more or 
less natural form, in various descriptions of physical phenomena. For instance, generalized 
algebraic approaches are given by the n-linear algebras in Quantum Mechanics [T], ternary 
structures in the description of multiple M2— branes O |3] or higher order extensions of the 
Poincare algebra |4j. 

The notion of Lie algebras of order F > 2 was first considered and later intensively studied in 
[H El (U [7], motivated by the fact that these structures, beyond their formal mathematical 
properties, constitute a cornerstone for the construction of higher order extensions of the 
Poincare algebra. In this context, a specific cubic extension in arbitrary space-time dimension 
was shown to be of interest in the frame of Quantum Field Theory [HI [9l [10] . Finally, it was 
realised that it was possible to associate a group [6] and an adapted superspace associated to 
these structures [TT] . 

Probably, the main technical difficulty related to Lie algebras of order F is their hybrid 
structure: the "algebra" is partially quadratic and partially of order F. In this work, we would 
like to show that to graded Lie superalgebras of certain form, one can naturally associate a 
quartic algebra. It is shown that along the lines of this construction, one can associate to 
N = 2 supersymmetry a quartic extension of the Poincare algebra. This construction indicates 
that some kind of hidden quartic symmetry appears in usual supersymmetry, which further 
means that invariant Lagrangians constructed so far are also invariant under the induced quartic 
structure. 

We illustrate the fact that on the top of the representations of supersymmetry, a hierarchy of 
representations can be constructed. The work presented in this note was obtained in [12] in 
more detail. 



2. Lie algebras of order four — quartic extensions of the Poincare algebra 

There are various types of extensions of Lie algebras that can be considered. The case under 
inspection here, enabling us to construct non-trivial extensions of the Poincare algebra, are 
related to the quartic case, for which we recall the main properties properties. 
The vector space 5 = 0o ©01 with basis {Xi,i = 1, ■ ■ ■ , dim go}, {Ya,a = 1, - ■ ■ , dimgij is called 
an elementary Lie algebra of order four if it satisfies the following brackets [1] 

=fij^Xk, \^Xi,Ya\ = RiJ'Yh, 

; ^2 ' ^3 ' ^4 } ~ ^ ^ ^(11)^(02)^(13)^(04) — Qaia2a3a4 
(tG54 

5*4 being the permutation group with four elements. In addition, we have also the following 
generalised Jacobi identities: 



(1) 



1 {^2 ' ^3 1 ^4 ' ^5 }] ~^ [^2 ' {^3 ' ^4 ' ^5 ' ^1 }] ~^ [^3 ) ) ^5 ) ^1 1 ^2 }] ~^ 

[^4 ' {^5 ' ' ^2 ' ^3 }] "I" [^15 ' {^1 ' ^12 ' ^3 ' ^4 }] =0. (2) 

Let us note that the structure defined by equations ([T|) and ([2]) is neither an algebra nor 
a 4— algebra in the usual sense, but a kind of hybrid structure. Some of the brackets will be 
quadratic [flOiBo] ^ 50) [SOjfli] ^ 0i; while some others will be quartic {fli, 0i, Bi, 0i } ^ 0o- This 
feature obviously generates the question whether from this hybrid structure we can extract some 
additional properties that cannot be codified either by the binary or quartic structure alone. 
In the preceding context, the quartic extensions of the Poincare algebra in D = 4 dimensions 
are realised by means of two Majorana spinors. Using the s[(2, C) = so(l, 3) notations of dotted 
and undotted indices, a left-handed spinor is given by V'l" and a right-handed spinor by ipRa- 
The spinor conventions to raise/lower indices are the following: ipia = ^q/sV'l^) V'l" = ^"'^i^Lp, 

i>Ra = ^api'R^. V'i?" = £°'^'4>R^ with (V^^)* = ipa, £12 = £{2 = 1, ^^"^ = = "l- The iD Dhac 
matrices, in the Weyl representation, are 

with a^o,^ = (1,0-*), = (1,-0-^), a' {i = 1,2,3) being the Pauh matrices. With 

these notations, we introduce two series of Majorana spinors Q^a,Qia satisfying the relation 
{Q^ a)^ = Qia- The Lie algebra of order four with go = /so(l,3) (the Poincare algebra) and 
01 = {Q^ a, Qia) define the following quartic extension of the Poincare algebra (we only give the 
quartic brackets explicitly) 

{Q an Q a'z^Q asiQ 04} 0, 

{Q ^ aiiQ ^ a2iQ ^ a-^i Q l4,dn\ — 2z^(5 ^ I^^ ^ ^ £a20.'i^^ ciicti ~^ ^ Ia^ ^ ^aias^^ 02^4 (4) 
aijQ a2 J Q I'iCts T Q liCti} 0) 

the remaining brackets involving three Q and one Q or four Q being obtained immediately (the 
tensor e^"^ is defined by —e^^ = e^^ = eu = —£21 = !)• 



As noted in the previously, the quartic extension of the Poincare algebra obtained is neither 
an algebra nor a four-algebra. This feature represents one of the difficulties to handle with 
these algebraic structures. Consequently one natural question we should address concerns the 
possibility to associate appropriate quadratic structures to Lie algebras of order four. Its has to 
be mentioned that a similar analysis has been performed for Lie algebras of order three, were it 
has been shown that, no possibility to construct an associated quartic structure exists. 



3. Quartic structures associated to Lie superalgebras 

As mentioned earlier, higher order extensions are no fully satisfactory, in spite of various 
interesting results derived for them [51 El [TO])- Thus one may wonder whether or not some 
quadratic structure should be related to the algebra (jH). This question is partially motivated 
by the fact that for some ternary algebras [IJj of the Filippov type considered in the Bagger- 
Lambert-Gustavsson model are equivalent to certain Lie (super-)algebras [2| [TSl [T3]. 
We consider the Z2 x Z2— graded Lie superalgebra 

5 = (0(0,0) © 0(1,1)) © (0(1,0) © 0(0,1)), (5) 

where (a, b) € Z2 XZ2 and Q(a,b) is even (resp. odd) when a+b = mod 2 (resp. a+b = 1 mod 2). 
Introduce the corresponding bases for the grading blocks: 



(6) 



0(1,1) = = 1, • • • ,dimg(o,o)), 0(o,o) = {Z), 

0(1,0) = {Fa^a = ,dimg(i_o)), 0(o,i) = {Fa,a = , dim0(o,i)), 
the corresponding commutation relations are 

Bi,Bj] = fij^Bk, [Bi,Z] = 0, 

Bi, F±] = Rfa'F^, [Z, F±] = 0, (7) 
{Ft,F7} = Q,^-B,, {Ft,F^}=gp. 

We mention that, the superalgebra defined by ([7|) satisfies also the appropriate Jacobi identities 
(that we do not recall here since they will not be relevant for our purpose). It is important to 
notice that 0(o,o) commutes with all remaining factors, in other words, that Z acts like a central 
charge. 

We now show that to the algebra ^ one can naturally and simply associate a quartic structure 
which share some similarities with the algebra ([1]). Indeed, using the obvious relation, 

{^1,^2,^3,^4} = {{^1,^2}, {^3,^4}} + {{^1, ^3}, {^2, ^4}} + {{^1,^4}, {^2,^3}}, 
the relations 

r p+ p+ p+ p+\ — ( „+ I „+ „+ I „+ „+ ^ 72 

\^ ai 1 a2 ' ag ' 04 / \ya1a2yaga4 ' yaia-gya2a4 ' 1/0104 i/a2a3 I 

{ ^o^ 1 -^o^ 1 -^oIj ' -^04 } ~ 0,2^0304 + 5'a'i 03^112 114 ~^ 9aga3Qa.ia4 )Bi (8) 

{ -^(H ) -^02 ' -^03 5 -^04 } ~ (Qaiaa Qa2a4'^ ~^ Qaia4 Qa2a-J {Bi, Bj^ -\- g^^^^g,I^^^^Z , 

(plus similar relations involving either three F" and one F^ or four F^) follow at once. 

Since we are constructing an analogue of the four-Lie algebra ([1]), we also assume that the 
algebra is partially quadratic and partially quartic. This means that in addition to the brackets 
dH]), we have also to define the quadratic brackets [0Oi0o] ^ 0Oi [00) 0i] ^ 0i- We simply assume 
that these brackets are the same of the corresponding brackets of the Lie superalgebra. As the 
quartic brackets are concerned, we observe that {0i, 0i, 0i, 0i} close quadratically in qq. The next 



step in the construction is to impose the Jacobi identities ([2]). This is an extra condition. Indeed, 
one can show that the Jacobi identity of the Lie superalgebras do not reproduce the generahsed 
Jacobi identity ([2]). This wih not lead to any contradiction since it happens that if we have a 
finite dimensional representation of ([8]), the identities ^ are trivially satisfied. Moreover, for 
the case under inspection in this work this will not be a constraint, since the generalised Jacobi 
identity will be trivially satisfied as well. This happens because the four-brackets {fli, 0i, 0i, 0i} 
close upon or Z (see below) thus we automatically have [{0i, 0i, 5i, 0i}, 0i] = 0. 

Finally since by construction the relations ([SD are just a consequence of d?]), this means that 
the Lie algebras of the form ^ present some hidden quartic symmetry. In some sense we could 
say that the algebra ([5]) is the "square" of the algebra ([B]). Furthermore, the fact that quadratic 
relations imply quartic relations means that any representation of the Lie superalgebra ^ will 
also be a (non- faithful) representation of the quartic algebra ([5]). Of course, the converse is not 
necessarily true. 

We now focus on the relavant case of the N = 2 supersymmetric extension of the Poincare 
algebra with central charge, and show that it is of the form ([8]). Indeed, for the even part, 
we define 0(i,i) = /so(l,3) = {L^y^P^j) to be the Poincare algebra in four-dimensions and 
0(0,0) = {^) the central charge. Although, for the odd part we introduce two series of Majorana 
spinors Q^a,Qia,I = 1,2 {{Q^aV = Qia) such that 0(10) = {Q^a) and 0(o,i) = Since 
the N = 2 supersymmetric extension of the Poincare algebra takes the form 

{Q'a,Q'p} = 2Ze'^e^p (9) 

which is analogous to ([7]), the results of the previous section give rise to the four order quartic 
extension of the Poincare algebra 

^1 r)^2 n^s nr. \ — o7'^(r a JiHJiU 



{Q «i ) Q a2iQ '^03)^-^404} — 2^ ^£0102^0:304^ £ 

~rc-oi03'^a204^ ^ ~r ^0104^0203'^ ^ 
{Q a.i:Q a2iQ "^03)^/404} — 2iZ ^6 J^£ ^£o203c'^oiQ4 ~\~ ^ I^^ ^ ^ aiaz^^ 0.2014, 

T u j^c tQ.jQ.jL' 0304 ) A" 
{Q ^ an Q '^02 ; Q/303 ) Q/4Q4 } — 2^5 ^ I^S ^ I^O'^ Qij^a.^CT 0.20.4 ~^ ^ ^ Ia^ ^13^^0104^ 0203^ -fjU-fi' 

+ 2Z £0-102^0.30.4^ ^ '^£73/4 • 

A representation of the super-Poincare algebra will automatically be a representation of 
the induced quartic algebra, as shown in the general case. This fact provides us with an 
interesting consequence, namely, that the invariant N = 2 Lagrangians constructed so far 
are moreover invariant with respect to the transformations induced by the quartic algebra. 
Thus, the corresponding N = 2 supermultiplet and their associated transformations laws will 
automatically be an invariant multiplet of the corresponding quartic structure with the same 
transformation properties. This construction can thus be interpreted, in some sense, as a 
possibility to circumvent the constraints of the Haag-Lopuszanski-Sohnius theorem [16]. This 
analogy should however not be pushed too far: the construction of quartic algebras executed 
in this work depends essentially on the supersymmetric algebra formalism and the associated 
constraints. 



4. Representation of quartic extensions of the Poincare algebra 

As we have seen, the ansatz Unking algebras of order four to Lie superalgebras has remarkable 
consequences concerning their respective representation theories, in the sense that superalgebra 
representations automatically induce representations of the order four structures. We point outa 
that the converse of this statement is not true. Consider for instance massive representations. 
The little algebra is generated by = —im and Q^a,Qia and the four-brackets take the form 



_|_ ^^3^, rhhc „0 



{Q ^ an Q '^02'Q ^03; Q 14,614 } — IvnZ ^(5 ^ I4S ^ '^£0203^ Q!iQ!4 ^ li^ ^ '^£■0103'^ 0204 

{Q ^ an Q ^02 5 Q/3(i3 ; Q/4«4 } — 2,771 ^6 ^1^6 ^ li^ aia^'^ 0.1014 ^ ^ l4^ ^ Iz^ 0404^ 0203 

+ 2,Z £aia2^a3a4^ ^ ^^73/4 ■ 

If we now make the following substitutions (analogous to the corresponding substitution for the 
N = 2 supersymmetric extension with central charge): 

a = Q 2 + Q2i 5 a = Q 2 ~ Q2i ! 
one observes that a^, • • • ,a^,a\,--- ,a\ generate the Clifford algebra of the polynomial 

. . . , X4, 2/\ • • • , = (2(2m + Z)xiy^ + 2(2m + Z)x2y^ + 2(2m - Z)x3y^ 

2 



+2{2m - Z)xiy - 



in the sense that 



= ,X4,y\--- ,/). (11) 

The representations of the N = 2 supersymmetric algebra in four dimensions are obtained from 
the study of representations of the Clifford algebra, i.e. when the a's satisfy the quadratic 
relation, 

xia^ + y^a\\ = P{xi, ■■■ , X4, y\ ■ ■ ■ , y^), (12) 



which is obviously compatible with (jlip . On the contrary, one can construct representations of 
(|lip such that the condition (jl2p is not satisfied0 It can be shown that to any polynomial /, 
a Clifford algebra Cj can be associated to it, and that a matrix representation can be obtained 
|18] . Uniqueness is however lost for degree higher than two, which complicates considerably 
the analysis of representations (see, for instance, [19j). Being still an unsolved problem, some 
structural results have been already obtained in the general frame [20j. 

In the context that occupies us, this procedure may give new representations corresponding 
to interesting quartic extensions of the Poincare algebra. The hierarchy of representations on the 
top of the standard representations obtained in supersymmetric theories might be share some 
similarities with the parafermionic extension of the Poincare algebra considered in |21] . 



^ The algebra is called the Clifford algebra of the polynomial [17] . 



5. Concluding remarks 

We have pointed out the existence of a formal way to associate a quartic algebra (which 
closes with fully symmetric quartic brackets) to a graded Lie superalgebra of a certain type, 
their fundamental interest being their application to standard supersymmetric theories. This 
specifically alludes to the fact that any representation of = 2 supersymmetric algebras shares 
a hidden symmetry arising from the quartic structure. Further, for massive representations, it 
turns out that the role of central charge is essential to the argument. 

Clearly these results can be generalised to other space-time dimensions [12j. For example, 
it turns out that that the quartic extensions in ten space-time dimensions is exceptional and 
related to type II A supersymmetry. Although we have focused on the case where 0(o,o) is one 
dimensional, there is no reason for restricting to only one central charge. The straightforward 
generalisation to a higher number of charges is however subjected to finding the appropriate 
algebraic structures having a physical significance. 
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